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Abstract 



^SI ■ Let G be a group which is the semidirect product of a normal subgroup 

^ I and some subgroup T. Let I^{G), n > 1, denote the powers of the 

\^ I augmentation ideal I{G) of the group ring Z(G) . Using homological meth- 

cn ■ ods the groups Qn{G,H) = r-^{G)I{H) / r{G)I{H) , H = G,N,T, are 



functoriaUy expressed in terms of enveloping algebras of certain Lie rings 



I associated with and T, in the following cases: for n < 4 and arbitrary 

' G,N,T (except from one direct summand of Q4{G, N)), and for all n > 2 

. if certain filtration quotients of A'^ and T are torsion-free. 

> : 

^ ! Introduction. The group ring Z{G) of a group G is naturally filtered by the 

5^ I powers I^{G), n > 1, of its augmentation ideal I{G). It is a long-studied prob- 

lem to determine the so-called augmentation quotients Qn{G) = {G) / 1^^^ {G) 
in terms of the structure of G, also because of their close link with the dimen- 
sion subgroups Dn{G) = G fl (1 + I^{G)) which can be inductively described as 
Dn+i{G) = Ker{Dn{G) — )■ Qn{G)). The groups Qn{G) were determined for = 2 
by Passi [2^, Sandling [28] and Losey |20] for abelian, finite and finitely gener- 
ated groups G and for n = 3,4 and finite G by Tahara [21], [32]; a functorial 
description for all groups was given for n = 2 by Bachmann and Gruenenfelder 
[2] and for n = 3 in [4j, based on Quillen's approximation of the graded ring 
Gr(Z(G)) = Z © ®n>iQni.G) by the enveloping ring of the Lie ring of G, see 
[26| . [25j or section 1 below. With the functorial viewpoint new methods emerge 
in the field where most work is still based on the classical combinatorial approach: 
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Quillen's computation of Gi {Q{G)) relies on Hopf algebra techniques, while the 
general results on Q2iG) and Qs^G) are obtained by homological methods as 
inaugurated by Passi, see [2^. Recently, Passi and Mikhailov pass from homo- 
logical to homotopical methods [22], [23] • In [H] and in this paper we combine 
enveloping algebras and new homological observations to study the more general 
quotients Qn{G,H) = I'^-\G)I{H) / I''{G)I{H) for some subgroup H of G; we 
call these Fox quotients because of their close relation with the classical Fox sub- 
groups G n (1 + I"'^^{G)I{H)) . Fox quotients (and some related groups, see [18] . 
[TT] . [T2] ) were also extensively studied in the literature, but, except from [9], only 
under suitable splitting assumptions, in particular when if is a semidirect factor 
of G. In fact, Sandling's [29] and later Tahara's work [33] on augmentation quo- 
tients of semidirect products G = N y\T had split the study of Fox quotients into 
two classes of independent problems: the study of certain filtration quotients of 
'L{N) and Z(T) on the one hand and of product filtrations Tn = ^n-iI^{T) 
on the other hand where (Aj)j>i is one of two natural filtrations of Z{N), see 
section 1. In a series of papers Khambadkone and later Karan and Vermani ex- 
pressed the quotients of these product filtrations in terms of tensor products of the 
groups An-i/ An-i+i and r(T)/r^^(T), for low values of n and under additional 
assumptions, assuming either G finite and finitely generated or nilpotent [T7] . 
|18j . [19] , or assuming torsion-freeness of sufficiently many filtration quotients of 
N and T [13] , [15j , [1A\ , ^34j • For a more detailed survey on Fox and augmentation 
quotients see Passi [25] and Vermani [35] , 

In this paper we treat the general case, showing that the quotients of the prod- 
uct filtrations above are in fact iterated amalgamated sums of tensor products 
of the groups A„_j/A„_j_|_i and P (T) / P~^^ (T) , amalgamated along certain sub- 
groups of torsion products of these groups. We thus completely determine the 
groups Qn{G,H) for arbitrary H = G,N,T and n < 3, and for n = 4 with 
the exception of one of the two direct factors of Qi{G,N), see section 2. Our 
description is functorial and in terms of enveloping rings of certain Lie algebras 
associated with and T, see section 1. If suitable filtration quotients of N and 
T are torsion-free then our amalgamated sums degenerate to direct sum decom- 
positions; we then express Q„(G, H) for H = G, N,T in terms of tensor products 
of enveloping rings as above, thus improving and generalizing similar results of 
Karan and Vermani for n < 4 to all ri > 1 , see section 3. 

The first three sections are devoted to a presentation of the necessary construc- 
tions and results while the proofs are deferred to sections 4 and 5. 



1 Preliminary constructions and results 

In this section we recall and partially generalize constructions and results from the 
literature which are needed in the sequel. 
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Let G be a group. An N-series ^ of G is a descending chain of subgroups 

G = G(i) D G(2) D G(3) D . . . 

such that [G{i),G{j)] C for j > 1, with [a,b] = aba^^b^^ . A given N-series 

Q induces a descending chain of two-sided ideals of the group ring Z (G) 

Z(G) = /°(G)D 4(G) D 4(G) D... 

by defining Ig{G) (for n > 1) to be the subgroup of Z(G) generated by the 
elements 

(ai — 1) • ■ ■ (a^ — 1) , r > 1, G G(A:i) , such that ki + . . . + kr > n . 
Two examples of N-series are used throughout in this paper: 

• the lower central series 7 = (Gi)i>i, Gi = G and Gj+i = [Gj,G], where the 
inclusion /(G„) C /"(G) implies that /"(G) equals /"(G), the n-th power 
of the ideal /(G) ; 

• for a normal subgroup of G an N-series A/" = (A'(j))j>i of A^ is defined 
by A'(j) = [A'(i_i),G]; note that if G = NT for some subgroup T then 
Ar(,) = [Ar(,_i),Ar][Ar(,_i),T]. 

The second example was introduced by Tahara; we here gather some basic 
results due to him [33] and to Khambadkone IT7l. 



Theorem 1.1 Suppose that G is the semidirect product of a normal subgroup N 
and some subgroup T . Write A„ = I^{N) and let 

n— 1 n n— 1 

i=l i=l i=0 

r/ien 

/(G) = I{N) © /(T) © I{N)I{T) (1) 

= /(T) © /(AT) © I{T)I{N) (2) 

/"(G) = A„ © /"(T) © ICn (3) 

/"(G)/(T) = /"+i(T) © /C„+i (4) 

/"(G)/(Ar) = A„/(Ar) © r:/(Ar) (5) 

/(Ar)/"(G) = /(Ar)A„ © /(Ar)/C:. (6) 

We need to make the obvious symmetry between the relations ([5]) and (j6]) more 
precise. 
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Remark 1.2 Let G be a group with distinguished N-series Q and subgroup H . 
Then the anti-ring-automorphism (— )*: Z(G) — ?• Z(G) sending g & G to g^^ , 
called conjugation, carries I{H)Ig{G) onto Ig{G)I{H) since the subgroups H 
and (^(j) are stable under inversion. Hence it induces an isomorphism of abelian 
groups 

I{H)rf\G)/I{H)mG) = rf\G)I{H)/mG)I{H). 
For G = XI T as above, we also have 

n 
i=l 

n 

= Y.r{T)K.d{N) 

1=1 

n-l 
j=0 

= r:/(iv). (7) 

Now recall that our aim is to determine the filtration quotients 

Q4G) = r{G)/r+\G) 

Qn{G,H) = r-\G)I{H)/r{G)I{H) 

for H = N,T] note that Qn{G) = Qn{G,G). The relations above immediately 
imply the following identities. 

g„(G) = A„/A„+i © Qn{T) © /C„//C„+i (8) 

g„(G,T) = g„(T) © /C„//C„+i (9) 
Qn{G,N) = An-iI{N)/AJ{N) © T*^_J{N)/T*J{N) (10) 

It turns out that the terms on the right hand side of the above identities fall 
into two categories: first of all, )Cn/JCn+i and r*_]^/(iV)/r*/(iV) each of which 
arises from the product of a filtration of I{N) with one of I{T) ; the strategy here 
is to express the quotients of these product filtrations in terms of - tensor and 
torsion - products of the factors. Once this "separation of the factors" is achieved 
(which is the main concern of this paper, see sections 2 and 3) one is left with 
dealing with the generalized Fox and augmentation quotients of and T, i.e. 
the groups Q'^iK) = Il{K) / 1^+^ {K) for K = N,T and K = A^,7, resp., and 
Q^{N,K) = i;f\N)I{K)/I}^{N)I{K) for some subgroup K of N (here only 
the case = A^ is needed), see the results in sections 2 and 3. The study of these 
groups requires the following constructions. 

The basic idea, due to Quillen [26], is to approximate the groups QniG) by 
means of enveloping algebras. The construction for arbitrary N-series Q can be 
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found in Passi's book [25j, but we recall it here for convenience of the reader and 
to fix notation. 

The abelian group (G) = J2i>i ^(«) / ^(i+i) is a graded Lie ring whose bracket 
is induced by the commutator pairing of G. So its enveloping algebra UL^(G) 
over the integers is defined. On the other hand, the filtration quotients Q^{G) = 
I^{G)/I^+\G) form the graded ring Gt^{Z{G)) = ®i=oQ^{G); note that one 
has Gr^(Z(G)) = ©„>o /"(G')//"+HG') . Now the map L^(G) -> Gr^(Z(G)), 
aG(i+i) (-7- a — 1 + r^^{G) for a G G'(j), is a homomorphism of graded Lie rings 
and hence extends to a map of graded rings 

: UL^(G') Gr^(Z(G)) . 

This map is clearly surjective but rarely globally injective; for instance, 9^ is 
injective if G is cyclic, but is non injective for all non cyclic finite abelian groups 
[l]. An important favourable case is given by the following result which relies on 
work of Hartley [lO] . 

Theorem 1.3 Let G he a group and let Q : G = G(i) D G(2) D ■ ■ ■ be an 
N-series of G with torsion-free quotients G'(j)/G'(j+i) for all i > 1. Then 9^ is an 
isomorphism. 

Proof : In a first step, one adapts an argument of Quillen [26] for the case ^ = 7 
to show that the epimorphism 

9^ = 9^ ®Q : U(L^(G) ^ Gr^(^(G)) 

is an isomorphism: indeed, the image of the canonical map of graded Lie rings 
jg : lfi{G) — )■ Gi^{Q (G)) consists of primitive elements (with respect to the Hopf 
algebra structure induced by the canonical one of Q{G)), and generates Gt^{Q (G)) 
as an algebra (by definition of the filtration [Pq g{G))i>o). So by the Milnor- Moore 

theorem Gt^{Q{G)) can be identified with the enveloping algebra of the Lie al- 
gebra of its primitive elements. Hence it suffices to check that the map jg Q 
is injective since then by a standard argument the Poincare-Birkhoff-Witt theo- 
rem implies that 9^ <^ Q is injective, too: to recall this, let f '■ Q ^ q' be an 
injective map of Lie algebras over some field K; we wish to show that the map 
of K-algebras U(/) : U(g) — > U(g') induced by / is also injective. Denote by 
SP(g) the symmetric algebra over the K-vector space q, and by GR(U(0)) the 
graded algebra associated with the canonical increasing filtration of U(g), see [3]. 
Now under the natural Poincare-Birkhoff-Witt isomorphism of graded algebras 
SP(fl) 4 GR(U(0)), the map GR(U(/)): GR(U(0)) ^ GR(U(g')) corresponds 
to the map SP(/), which is injective since if r: g — i- g' is a K-linear retraction 
of / then SP(r) is a retraction of SP(/). Thus GR(U(/)) is injective, too, and 
hence so is U(/) , since any element of U(g) lies in a finite step of the increasing 
filtration. 
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Now our map jg is indeed injective by the hypothesis on Q, as is proved in 
|10j . see also [25]. Thus also 9q is injective, whence an isomorphism. 

In order to descend to integral coefficients, consider the following sequence of 
homomorphisms of graded rings. 

UL^(G) ^ Gr^(Z(G)) ^Gt^{Q{G)) U(L^(G) ®Q) = UL^(G) g)^ 

Here 1 is induced by the canonical injection l: Z(G) ^ Q{G). The composite 
map C: UL^(G) UL^(G) sends x G UL^(G') to this is easily checked 

on elements of L^(G) which generate UL^(G) as a ring. Hence ( is injective since 
UL^(G) is torsion-free as L^{G) is, see [H Lemma 1.11]. So the first factor 9^ of 
C is also injective, as was to be shown. □ 



Corollary 1.4 Let Q be an N-series of G such that for some m > 1 the groups 

are torsion-free for 1 < i < m. Then in this range the map 9f : UjL^(G) 
— ^ Grf (Z(G)) is an isomorphism and the groups I{G)/I^^{G) are torsion-free. 

Proof : Just note that passing to the quotient G G/G^m+i) does affect neither 
UiL^(G) nor Grf(Z(G)) for z < m; but G/G(^m+i) satisfies the hypothesis of 
Theorem 11.31 for the N-series nQ : G/G^m+i^ D G (^2) / G (^m+i) D ... of G/G{^,n+i)- 
Moreover, h'^^ {G / G (^^+1)) being torsion-free so is its enveloping algebra (see 
lemma 1.11]) and hence Grf (Z(G'/G(™+i))) ^ Grf (Z(G)) = J^(G')/4+^(G) for 
i < m. Consequently also I{G)/I^^{G) is torsion-free being an iterated extension 
of the groups fg{G)/Pg^\G) for 1 < j < z. □ 

If Q is an arbitrary N-series, the kernel of 9^ is a torsion group since 9^ is an 
isomorphism, but its structure remains widely unknown, even for ^ = 7. At least 
in low degrees the problem is settled; the following result was obtained in [1] for 
^ = 7 and in [1] for arbitrary N-series Q . 

Theorem 1.5 The map 9^ is an isomorphism for n= 1,2 and all groups G and 
N-series Q of G . 

This result is actually generalized in Theorem 11.71 below. 

We need to make Theorem 11.51 more exphcit: it says that Qi{G) = G/G{2), 
and that Q^(G) can be described as follows. Recall that the exterior square A/\A 
of an abelian group A is defined to be the quotient oiA®A modulo the subgroup 
generated by the diagonal elements. We write G"^ = G/G2 and G^^ = G/G(2), 
the same for H] note that G^^ = Lf(G) = UiL^(G). Then we have natural 
homomorphisms 

G(2)/G(3) ^ G^^AG^^ i G^^^G-^^ ^ gf(G) ^ G(2)/G(3) 
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defined for a,b G G hy C2(aG(2) A bG(2)) = [a,^]G'(3), /^('^^(a) A hG{2)) = aG{2) ® 
6G(2) - &G(2) ® 0^(2) , ^4{(^G{2)®hG(2)) = (a-l)(6-l) + J^(G), and pf(aG(3)) = 
a — 1 + Ig{G) . Then by Theorem 11.51 the following sequence is exact: 

G^B^^AB (^f4f) G'(2)/G(3) © G-^^^G-"^ ^'H^* g^(G) (11) 

In order to describe the third Fox and augmentation quotients of G we need 
the following constructions. Let Q be an N-series of G, if a subgroup of G, and 
H = (if(i))i>i be an N-series of H such that C G(j) for i > 1. These data 
give rise to a filtration 

J-i = Z{G)I{H) dJ^^ = Z(G)/(ii(2)) + I{G)I{H) D ... 

of Z{G)I{H) by sub-Z(G)-Z(iJ)-bimodules J^"" defined by 

i>0, j>l i>0, j>l 

i-\-j — rL i-\-j — n 

Note that if "H = 7 then J^" = I^-\G)I{H) since /;^(ii) = and if H = G 

and n = g then J^" = /^(G). The associated graded group Gr^^(Z(G)/(ii)) = 
0„>i J^"/J^"+i is a graded Gr^(Z(G))-Gr^(Z(i7))-bimodule in the canonical 
way, and hence a UL^(G) — UL^(ii)-bimodule via the maps 9^ and 9^ . 

We now generalize the approximation of the ringGr^(Z(G)) by UL^(G) to 
the bimodule Gr^^(Z(G)/(if)) , as follows. The injection t : H ^ G induces 
a canonical map of graded Lie rings L(i) : L^{H) — t- L^(G) which extends to 
a map of graded rings UL(t): UL'^(if) UL^(G). It makes UL^(G) into a 
UL^(i7) -bimodule, whence the graded UL^(G)-UL^ (if) -bimodule 

U^«(G, H) = UL^(G) UL«(ii) (12) 

is defined where UL^(if) denotes the augmentation ideal of UL^ (ii). Now let 
the surjective map of UL^(G)-UL^(ii')-bimodules 

9^^: V^^{G,H) Gr^^(Z(G)i(ii)) 

be defined as follows: as I^{H) C J^n for n > 1, we obtain a map of graded 
left Gr^(Z(ii)) -modules Gr^ (i(ii)) — > Gr^^(Z(G)i(ii')) which by precompo- 
sition with 6'^ gives rise to a map of graded left UL^(ii) -modules UL^(iJ) — 
Gr^^(Z(G)i(ii)) . Now 9^^ is obtained by extension of scalars along the map 
UL(t). More explicitly, for i > 0, j > 1 such that i + j = n, x E UjL^(G), 
y e UjL^{H), x' e PgiG) and y' E li^{H) such that (x) = x' + r^\G) and 
9f{y) = y' + r^\H), one has 9^'^{x ^ y) = x'y' + Note that for ii = G 
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and H = = e^fi^ where /x^ : U^^(G,G) ^ UL^(G) is tlie canonical 

isomorphism. 

We now study the map in degree n < 3. To start with, it is clear that 

\J^^{G,H) = UiL^(if) ^ L^(if) ^ H^^ . (13) 

The following convention turns out to be convenient throughout the rest of this 
paper. 



Convention 1.6 For a group K with N-series /C = (-ft'(j))j>i and a G -ft'(j) we 
consider the coset ai^(j+i) G K(i)/ K(iJ^i) = Lf{K) also as an element ofXJiL'^^K) , 
thus suppressing the canonical map v. 'L'^{K) — )■ UL'^(fC) from the notation. 
Moreover, all sums, powers and products of cosets enclosed between brackets, of 
the type (afC(j+i)) with a G -^'(j), are understood to be taken in the ring \J'L'^{K). 



Now for i > and j > 1 let 



be the canonical map, and 

be the map of graded UL^(i^)-bimodules given by u{x) = 1 ® Finally, let 

be the canonical quotient map induced by the inclusion Gn C G'(n) ; and maps 
denoted by vr^ for some or no index k always denote canonical quotient maps. 

Theorem 1.7 The maps are isomorphisms for n = 1,2 and all G,H,Q and 
compatible Ti as above. 

Note that taking {H,l-L) = {G,Q) we thus recover Theorem 11.51 
Proof : For n = 1 , we use the classical isomorphism 

Dh-.H'^' ^ ^iIg)I{H) ' DHihH,) = h-l + I{G)IiH), (14) 

due to Whitcomb, see [36], or |9i Proposition 3.1] for an easy homological proof of 
a more general fact. We obtain isomorphisms 

whose composite is 9^^ . 
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Now let n = 2. As in ||9j, our arguments are most conveniently formulated 
in the language of pusliouts of abelian groups, thereby using their elementary 
properties, in particular the gluing of pushouts and the link between the kernels 
of parallel maps in a pushout square, see [27] . 

Consider the following diagram whose top row is exact taking the right-hand 
map to be given by the projection to the cokernel of the left-hand map followed 
by the isomorphism Dj^^ in f|T4l) . and where ji is induced by the corresponding 
injection and D' is given by restriction of jiDu^^^ . 



q{G)I{H) + I{G)Ii,{H) 



D' 



Z{G)I{H) 



g(3) n H2 , 



As both rows are exact, we see that 
I{G)I{H) 



ll{G)I{H) + I{G)ll{H) 



n Im(ji^ 



31 



nG)I{H^z)) 

mi{Hi,)) 



Dh 



(3) 



(3) 



[^{3),^^(3)J 



Ho 



(15) 



/(g(3) n H,) + ll{G)I{H) + I{G)ll{H) 
PgiG)IiH) + IiG)lUH) 



(16) 

Now consider the following commutative diagram where fi{{gG(2)) ® {hH(2))) = 
{g-l){h-l)+ll{G)I{H), and similarly for /i'; Diih'Hs) = h' ~ I + II{G)i[h) 
for h & H2, and similarly or D'2 . 



H"^ A H 



ab 



7r2 



Ho 



H 



(3) 



D2 



> G 



AB 



H 



ab 



mi{H) 

I'g{G)I{H) 



D' 



AB 



H 



AB 



nG)i{H) 



^{G)I{H) + I{G)Ii,{H) 



/(G)/(i7) + Z(G)/(g(3)) 
ri{G)I{H) + mi^H) + Z(G)/(i7(3)) 



The upper left-hand square is a pushout by [9l Theorem 3.6]; the upper right- 
hand square is a pushout since tti is surjective and Ker(7ri) = /iKer(l ® g|^) . By 
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gluing of pushouts it follows that the upper exterior rectange also is a pushout. 
Furthermore, the lower rectangle is a pushout since tts is surjective and Ker(7r3) = 
D27iiKeT {112) by (fT6|) . so again by gluing the two pushout rectangles the exterior 
square of the whole diagram also is a pushout. Thus 



Ker (vTa/i') = (gf ® Ker (vtsC 



We can simplify this description of Ker(7r3/i') by observing that the following 
diagram commutes: 



ab . 



^{2)/^(3) H^^ A H^^ 



It follows that 



Ker(7r3/i') = (i^^ O l)/^Ker(c; 



Consider the following diagram of plain arrows. 



(17) 



-^3 -^3 



7T4 



-» Coker(j2) 



J3 



/(G)/(g)+Z(G')/(g(3)) ^ 
-^3 



^3 



Z{G)I{H) 



{DhY 



I{G)I{H) + 'L{G)I{H^^)] 



H2H{-i) 



H 

H2H(-i) 



As both rows are exact in the second group, the map T^^j^ induced by n^j^ is 
injective. Moreover, Im((Z}/^)~^ 0715^3 ) = H^2)/ H2H(3) , whence the map (3 exists 
and is an isomorphism. Together with ( TTTl) we obtain an exact sequence 



Ker(c?) i^^G 



AB ^ j^AB J2^3M 



> ^2/-^3 ^ H{2)/H2H^ 



'(3) 



As to \J2^{G,H), consider the following diagram 







:i8) 



1 1 ^ 1 
'^11 



..en 



H{2)/H(ji) 



V2 



U2L«(//) 



■"2 



(19) 



One easily checks that both squares are pushouts, by construction of the enveloping 
algebra and of Vf^{G,H), resp., and taking the gradings into account. Thus the 
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exterior rectangle is a pushout, too, whence Ker(i/fj^) = (l^^ l)/|^Ker (c^) , and 
there is an isomorphism li^X^ : i7(2)/if2-f^(3) = Coker(c^) ^> Coker(z/fj^) induced 
by U2T^2 ■ These facts can be rewritten as an exact sequence 

Ker (c^) i^^!^ ® i/^^ ^ Uf«(G, H) ^^^^Tl^ i/(2)/i^2^^(3) 

(20) 

where ttq: \]^^{G,H) -» Coker(i/fj^) is the quotient map. Now comparing se- 
quences (ITS]) and (12U]) we see that it suffices to show that the map : U2^(G, H) 
— > J^2/J^3 commutes with the incoming and outgoing maps, since then the five- 
lemma implies that it is an isomorphism. But the identity ^f^i/f/^ = j27r3/i' is 
readily checked by going through the definitions; and to check the identity 

/3n,el^ = {u^)-\e (21) 

first note that the two pushout squares in (ITQ!) imply that 

Uf^(G,i/) = Im(M2) + Im(z/fi^) 

= Im(M2'^2) + Im(M2/i^i^n^) + Im(i/f/^) 
= Im(M2Z/2) + Im(z/fi^) 

Thus it suffices to check fl2T]) after precomposition with U2i^2 and z^f/^, which is 
immediate. □ 

As to the map for n > 3 , part of its kernel is determined in p] for 7{ = 7 ; 
indeed, all arguments there remain valid for arbitray H as above, thus providing 
an explicitly defined subgroup TZn^ of \J^^{G,H) contained in Ker(6'^^). In 
particular, one has TZn^ = for n = 1,2, and T^f^ is generated by the elements 

p 

1 ® (cif(4)) - 5^(sG(3)) ® ibgH^2)) - (^.G'o)) ® (a,//(2)) (22) 

q=l 

where p > I, ag,bg E H n G(2) such that c = ng=i['^g' ^g] ^ -^(3) • shown in 
[9] that 7^^^lJL^(i7) = 0, so the quotient group 

\]^^{G,H) =^ V^^{G,H) /UL^(G') 5^7^^^ 

n>3 

is a graded UL^(G')-UL^(if)-bimodule, and 9^^ induces a surjective homomor- 
phism of graded UL^(G)-UL^(iJ)-bimodules 

9^^ : \J^^{G,H) Gt^^{Z{G)I{H)) . 

In particular, d^^{G,G) = \J^^{G,G) and 9^^ _= 9^^ = 9^fi^, by construction of 
TZ^^ . While we have no information about Ker (^^^) for n > 4 it was computed for 
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n = 3 in the cases needed in this paper, namely for "H = 7 in [9] and for {H, "H) = 
(G, Q) in [1]. Both results involve the torsion operator Sf^ described below which 
basically is the difference between a left and a right connecting homomorphism; it 
also describes non trivial torsion relations in the homology of nilpotent groups (see 
[B]) and thus plays an important role in dimension subgroups [S], whence seems to 
be quite a fundamental phenomenon. 

In fact, all torsion operators in this paper arise from decreasing filtrations 
A : I{K) = Ai D A2 D • • ■ of I{K) for some group K by subgroups A.^; such a 
filtration gives rise to short exact sequences 

^ ^ A 4 (23) 

Ap+2 Ap+2 Ap+i 

for p>l where a,p denote the canonical injection and quotient map, resp. 

Moreover, we need Passi's polynomial groups with respect to Q which are de- 
noted by 

P^iG) = Ig{G)/I^-'\G) 

see [25]. By Theorem 11.51 sequence (|23|) for {K,Ai) = (G, Jg(G)) and p = 1 gives 
rise to a natural exact sequence 

^ U2L^(G') ^ P^iG) ^ ^ . (24) 

with = '^^2 P2 ~ (^i)~^P- Tensoring this sequence by H"^^ and the 
analogous sequence for H by G^^ gives rise to natural exact sequences 

Torf(G^^,i/^^) ^ U2Le(G)®UiL«(iJ) ^H' P^{G)m^'' ^ 

(25) 

Torf(G^^,i/^^) ^ UiLe(G)®U2L«(if) G^^'^P^iH) ^ 

(26) 

see j2n Theorem V.6.1]. Then define the torsion operator 

= ^^i2r« - ^2irg : Tor? (G^^ if^^) Uf^(G,//). (27) 

To describe more explicitly we recall from [211 V.6] the description of explicit 
canonical generators of the torsion product Tot^(A,B) of abelian groups A, B . 
Suppose that A = A1/A2 and B = Bi/Bi with Ai,Bi some (non necessarily 
abelian) groups. Then these generators are of the form 

{aA2, k, hB2) with aeAi,fceZ,6G-Bi such that G A2 and e B2. 

(28) 

As a model for all subsequent calculations, we give a detailed computation of 5f ^ , 
as follows. 
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Lemma 1.8 Let {g,k,h) be a canonical generator of Tot ^{G , H ) . Then 

krh)=9^ (h'H^s)) - (^7'G(3)) ^h+(^^if^h--g^ ¥) (29) 

where we recall that the squares g"^, are taken in the rings UL^(G') and \JL^{H) , 
resp. 

Proof : We give the computation of i'21'^g, the one of i^uT-u being symmetric to 
this one. 

Throughout in this paper, we use the following fundamental relations in Z (G) , 
for a G b G Gq), k E Z and n > 2 where [a — 1,6 — 1] denotes the ring 

commutator in Z (G) . 

ab-l = (a- 1) + (6- 1) + (a- 1)(6- 1) 

= (a-l) + (6-l) mod /^^(G) (30) 

a'^-l = (1 + (a - 1))^= - 1 

n-l 



II-- /7 \ 

= E( J(«-l)" J,™(G) (31) 

p=i 

[a,b]-l = [a-l,b-l]a-^b-^ 

= [a- 1,6- 1] + [a- 1,6- l](a"^6"i - 1) 

= [a -1,6-1] mod 4+'+'(G) (32) 

Now using again f2T\ Theorem V.6.1] one has 

U2irg{g,k,h) = y2i{{ael)-'{k.p-%{g))®h) 

= ^21 {{Olr'a-' (k.p-^ {{g - 1) + ll{G)) ) ® h) 

= iy2i{{el)-'a''(^k{g-l) + ll{G))®h}l 

= '^2i{{el)-'[{g'-l)-Q{g-ir + ll{G))®h) bydSH) 

= 'y2i{{{g%3))-Qj{gG^2)r)®h 
= {g'G^3))®h- f JV^?G'(2))2 ® /I 



as desired. □ 

If (H^T-L) = {G,Q) we write 6f = n^Sf^ . This map completely determines the 
structure of Q^{G), see [4]. 
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Theorem 1.9 The following natural sequence of homomorphisms is exact: 

Torf(G^^,G^^) i U3L^(G) ^ QI{G) ^ 0. 

For H ^ G, or H = G but H ^ G , however, the structure of Ker (^3^) is more 
comphcated, see [9] for the case "H = 7; in the special case of interest here it is 
described in the next section. The structure of the related groups U^T(Ar,A^) for 
n = 2, 3 is determined by the following result, cf. [9l Proposition 5.2]. Recall that 
here A^^^ = N/[N,G] = N/[N, N][N,T], and let /f^ = {q^ ®id)ll : A^^^AA^'^'' ^ 



Proposition 1.10 There are canonical isomorphisms 
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(Ar(2)/A^(3) ® A^"^) © (A^^^ ® A^^^ ® A^''^) 



whose inverse maps are induced by multiplication in Z(G). Here the homomor- 

(.N iN 

phisms LliN) ^ (^N"'')^^ ^ (^^ab^m defined such that for x,y,z e A^"^ 
c^(x © ?/ © 2;) is the triple Lie bracket [x, [y,z]] in the Lie algebra L'^{N) and 
/|^(x©?/©z) is the triple Lie bracket [x, [y,z]] in the tensor algebra T{N°-^) . Fur- 
thermore, we note i^^^ = id®q^ ®id: N^^ © A^"''' © A^"** A^^^ © A^^^ © A^"^ 
and i^TT = q^ 0q^ (^id: N""^ © A^''^ © A^*^^ ^ A^^^ © A^^^ © A^"'' . 



Actually, the first isomorphism can be easily deduced from the fact that the 
exterior rectangle in diagram f[T^ is a pushout: for = 7, is surjective, hence 
so is . Consequently, the map 

induced by z/fj^ is an isomorphism. 

Moreover, the group ''^(A^, A^) can be embedded into a natural exact se- 
quence, as follows. Consider the following part of a 6-term-exact sequence 

Torf(Ar^^,Ar^^) N^^®{N^^)/N2) ^ Ar^^©Ar-^ A^^^^A^^^ ^ 
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and let the map [, ] : A^^^ ® (A^(2)/A^2) ^ A/'2/[A^(2) , A^(2)]A^3 be induced by the 
commutator pairing of A^, so that [ , ]T{niN(2), k, n2N(2)) = [^i, ''^2] [^(2) ; ^(2)]^3 • 
Furthermore, it follows from commutativity of the exterior rectangle in (fT9|) (for 
H = G = N , Q = M and = 'y) that there is a homomorphism 

q : iV2/[iV(2) , iV(2)]iV3 ^ \Jp{N, N) 

such that for ni,n2 G one has /2 (['^i, '"'2]) = '^ii''^((^iA'(2))®(^2A'^2) — (^2A'{2))® 
{niN2)) . Finally, for an abehan group A and m > 1 let SP"'(A) = A®™/S„ 
denote the symmetric m-fold tensor product, and let am = cr^ '■ A*^™ -» SP™(A) 
be the canonical projection. 

Proposition 1.11 The following sequence of natural homomorphisms is exact: 

Tor^(iV^^, AT^^) 14 Ar2/[Ar(2) , N(^2)\N, A \J^^{N, N) '^^^^ SP^N^"") . 

(34) 

Moreover, (72(1 ® q2^) has a homomorphic splitting if does and N"^^ is either 
finitely generated or uniquely 2 -divisible. 

Note that in the case A/" = 7 the assertion reduces to the well-known exact 
sequence 

— ^ A^(2)/A^(3) ^ U2L^(Ar) ^ SP'(Ar^^) ^ (35) 

and its splitting property if A^"^"^ is either finitely generated or uniquely 2-divisible, 
cf. [25]. For arbitary A/", the latter facts can in fact be deduced from the left-hand 
pushout square in (fT9l) . in the same way as we now deduce the proposition from 
the exterior pushout rectangle in (fT9l) . 

Proof of Proposition 11.111 : Recall that the exterior rectangle in ( fT9|) is a 
pushout. This implies the identity Ker(M2Z/2) = C2 Ker((t'^^ ® l)^) and an iso- 
morphism Coker(M2Z^2) — Coker((t"^^ ® l)/2) • But here l^^ = g^, whence 
the exactness of sequence in A^2/[^(2) > ^(2)]^3 follows from Lemma 2.7 in 
[7]. Moreover, by right-exactness of the tensor product, the kernel of the com- 
posite map A^^^ ® AT"* ^ A^^^ A^^^ ^ SP^N"^^) equals Im((g^ O 1)/^) , 
whence there is an isomorphism Coker((g^ 1)^2) — SP^(A^'^'^) induced by 
(12(1 ® ^2^). This implies exactness of sequence flM|) in U^'^(A^, A^) . Finally, the 
splitting assertion follows from the well-known fact that o"^ splits if A is either 
finitely generated or uniquely 2-divisible: if Si,S2 are splittings of q^ and of 
0"^'*^ , resp., ^'n^(l ® Si)s2 is a splitting of (72(1 ® ^2^) • □ 

2 The first four Fox and augmentation quotients 

Throughout this section G is supposed to be the semidirect product of a normal 
subgroup A^ with some subgroup T. The following groups are given a complete 
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functorial description in terms of the Lie algebras L-^(A^) and L'^(r), for all 
G = N >4T: 

• the quotients Qn{G), Qn{G,T) and Qn{G,N) for n<3; 

• the direct factors /C4//C5 of Q^i^G) and Qi{G,T) and the direct factor 
TII{N)/TII{N) of QiiG,N), see © and 

The groups Qf (G), and hence the direct factors Qf{N) and Q](T) of Q^{G) 
and Q4^{G,T), were determined for finite G by Tahara [32]; so the only term for 
n = 4 whose structure remains almost completely unknown is the direct factor 
A3J(A^)/A4/(A^) of QiiG.N) (it is only computed under very restrictive assump- 
tions in Corollary 13.61 below). 

The proofs of all results of this section are deferred to section 4. 

The groups Q2{G, K) were determined by Tahara [33] for if = G and by Karan 
and Vermani [12] , [13] for K = N,T , after partial results of Khambadkone [17] , 
[18] : we quote the results here (expressed in the language of enveloping rings) for 
completeness but also because they are easily reproved using our general approach, 
see section 4. 

Theorem 2.1 There are natural isomorphisms 

Q^{G) ^ U2L-^(A^) © U2L(T) © N^^®T^'' 

Q2(G,T) ^ U2L(T) © N^^ ^T"^ 
Q2{G,N) = l]^\N,N) © T^'^^N^'' 

Our description of Qn{G,H) for n = 3,4 below involves various torsion oper- 
ators coming from connecting homomorphisms as in [2TI Theorem V.6.1]. To keep 
notations simple we denote by T^,f^, k = 1,2 and □ some (or no) superscript, a 
connecting homomorphism induced by a short exact sequence of abelian groups in 
the k-th variable. In particular, for p,q = 1,2 we have maps 

-^i^^^^ U.L^T) ^ Torf(U,LA^(iV),U,L7(r)) ^ \J,L^{N) ^ ^'^^^'^jp 
with 61, 61 = 0, 61 = 6f and 6^ = 6J , see (E]), where 

• tI'' and are induced by the short exact sequence for {G, Q) = {N,N') 
and (T, 7), resp.; explicitly, we have 



Tl\nN(2^,k,x) = ((n'^iVo)) - Q (^^(2))') ®x (37) 

rf {y, k, m) = y © [(t'n) - Q (^^2)^) (38) 
for suitable n,t,x,y, k; cf. the calculation of Tg in the proof of Lemma [1.81 
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t'^'' and are induced by the short exact sequence 

^ Coker((5f) -4 I^{G)/ll{G) ^ U2L^(G) ^ (39) 



obtained from sequence fl23|) for p = 2 combined with Theorems 11.91 and 11.51 
for {G,g) = (AT, AT) and (T,7), resp. 

The maps r^'' and rf ^ , occuring in Theorem 12.41 below, can be made exphcit 
if N"''' and T"-^ are finitely generated, by the following formula (and its mirror- 
symmetric version, permuting G and A, which gives the corresponding map T2). 

Proposition 2.2 Let G be a group with N-series Q and A he an abelian group 
such that G^^ is finitely generated. Let Tor(G'^-^) = Z /eiZ{giG(2)) , Qi £ 

G , be a cyclic decomposition of the torsion subgroup of G"^^ , and let Cij be the 
greatest common divisor of Ci and Cj , and Pij,qij G Z such that Cij = CiPij + 
ejQij . Furthermore, let q^: U3L^(G') Coker(5f) be the quotient map. Then the 
connecting homomorphism 

Ti : Torf (U2L^(G) , A) Coker(5f) ® A 

induced by sequence is given as follows. Let {x, k, a) be a canonical generator 
0/ Tor^(U2L^(G) , A) . According to the split exact sequence / f^) . x can be uniquely 
written in the form x = (fi'G'(3)) + J2i<i<j<m^iji9iG{i)) ® {gjG(j)) with g G G(2), 

(3) and Cij divise klij 



lij G Z such that g^ G G13) and Cij divise klij for all 1 < i < j < m . Then 



Ti{x, k,a) = X ® a 



with 



X = qs 



\g'G^,))+ Yl ^k"G(3),^7,G(2)]) 



l<i<j <m 

Y f ^(^,G(2))(^rG(3)) + ^(^.G(2))(^;G(3), 



© E ^ (P^^ i9^G^2))\g,G,2^) + q., (2^) (5,G(2))(^,G(2))^) 

Here the symbols ©, mean +, — , resp., but also indicate that the three summands 
they link together lie in the three different direct components of the decomposition 

U3Le(G) = G(3)/G(4) © (G(i)/G(2)) ® (G(2)/G(3)) © Sp3(G(i)/G(2)) 

We omit the proof since it consists of a calculation which is straightforward 
along the same lines as the computation of (5f ^ in the proof of Lemma 11.81 and of 
^3 in the proof of Theorem 12.41 in section 4. 



17 



Moreover, we throughout identify UiL'^(fC) with K^^ via the isomorphism 
9f , see Theorem ll.5[ for {K, K.) = {N, Af) or (T, 7) . Moreover, we identify 
uf^(iV,iV) with ^/^^ffj^^r^ Via the isomorphism <^ in (ES]). 

Also recall that the structure of the group IS^^{N,N) = vf^{N,N)/TZ^^ is 
explicitly given by Proposition II .101 and the generators of 7^^^ described in (|22|) . 
but we will merely use the orig inal definition of \jf^{N,N) in 

Now we are ready to describe the structure of the groups Qs{G,H) for H = 
G,N,T. 

Theorem 2.3 The terms on the right hand side of the decompositions 

Qs{G) = gf(iV) © Q1{T) © /C3//C4 

QsiCT) = Ql{T) © /C3//C4 

Q;{G,N) = k^I{N)/k^I{N) © r;/(iV)/r*J(iV) 
are determined by Theorem \1.9[ and the following natural exact sequences. 

Torf(Ar^^,T'^^) ^ U2L-^(iV) © T"** © A^^^ © U2L^(T) ^ /C3//C4 ^ 

ToT^{T^\N^^) ^ T''%\j^\N,N) © U2LT(T)©A^"'' ^ r;i{N)/r;i{N) ^ 

Torf (AT^^, AT-^) © Ker (^[ , ]r : Torf (A^^^, A^^^) Ar2/[A^{2) , N^2)]N3^ 

(Si A) 

A2l{N)/A3l{N) 

Here the homomorphisms /i2;/^3 induced by 9-^, 62,6^^ followed by multiplica- 
tion in Z(G), S2 = ("^i"^, T2^)*, S3, 64 are homomorphisms and 65 is an additive 
relation of undeterminacy Im(54) , defined as follows. Using the identifications in 
Proposition \1.10\ one has for suitable n E N and t E T , see ^2B\): 

52{nN^2) , k, tT2) = - (n'^ATo)) © (tTa) + {nN^^^)? ® (m) , 

(nAr(2)) © (t^Ts) - Q (nAr(2)) © {tT2)A 
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^ i=i 

where p> 1 and ni,n[ G such that = Yl^=i[ni,n'j] . Furthermore, for suitable 
a,b G N and denoting by vr: U^''^(A^, A^) \]^^{N,N) the quotient map, 

Si{aN^2) , k, bN2) = 7i[iaN^2)) ® (b'^Ns) - (a'^N^s)) ® (feA^a) 

+ (2) (^''^(2))' ® ibN2) - (aiV(2)) ® (feiVs)')) 

Finally, for Er=i(«rA^(2) , ^r, &rA^(2)) e Torf (A^^^, iV^^) s7/c/i i/iai ^'=lK,&^] = 
e ng=i[cq, with Cq,dg E [N,G] and e G N^, 

S, (j2(''rN(2) , kr, brN(^2))) = J^^^^r' ^(3)) ® (&rA^2) - (&^iV(3)) ® (a^A^a) 

- E ( 2 ) ((^^^(2)) ((«-^(2)) - ibrN^2))) ® (fe^AT^)) 
r=l ^ ^ 

- E(c,Ar(3)) ® {dgN2) - (rfgA^o)) ® (cgA^s) 

9=1 

- 1 ® (eA/'4) + Im(54) . 

This result generalizes and extends the computation of QsiG) for finite G in 
[33] and of QsiG^T) and r*/(Ar)/r*/(A^) for finite G and nilpotent T in [I9], 
[T6] . It seems, however, that the group A2l{N)/A3l{N) has not been determined 
before, not even in special cases. 

We now turn to the case n = 4 where, apart from the direct factors Q-^ (N) and 
Q2(T) , nothing seems to be known unless A^ and T satisfy certain torsion- freeness 
conditions, see section 3. 



Theorem 2.4 The direct factor /C4//C5 of Q/i{G) and Qi{G^T) (see ^ and 
^) is determined by the following tower of successive natural quotients where 
Ker(7rA;) = Im(,^fe) , k = 1,2,3, and 



, _ V , _ /-rf r|i 



.12 ^12 
1 '2 



cf. the explicit description of these maps in (31), ^3^) and Proposition \2.2l 
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U2L-^(A^) ® U2LT(T) e N^^ (g) U3LT(T) 

71"! 

U2L^(Ar) (8) U2LT(r) e N^^ Coker((57) 
Coker(^2) 

IC4/IC5 

To describe ^3 we here suppose that N and T are finitely generated with cyclic 
decompositions of the torsion subgroups Tot{N^^) = 0^^-^ Z/ajZ(njA''(2)) and 
Tor(T"'') = 0^^-^ Z/6jZ(ijT2) . Let dij be the greatest common divisor of ai 
and bj , and let Pij,qij G Z such that = aiPij + bjQij . Then an element uj — 
J2i j{'^i^(2)i kij,tjT2) G Tot'^{N^^ ,T^^) lies in Ker(52) if and only if the following 
three conditions (i) - (Hi) are satisfied: 

(i) VI < i < T; VI < J < s, ^ even if kij is even; 
(a) \/l < i < r , YVj=itf^ — 'U'T'^i ""i ^ ^2 cind Vi e T^; 

(Hi) < j < s, HLi = yf^j '^^^^ yj e iV(2) and Zj G iV(3) . 



A^^^(g)Torf(^'^^^"'')_ 



U3L-^(iv) (g) r"** 



Tor?(U2L-^(iV),T'^'') 1 , 



Torf{N^^, U2LT(r)) 



1 



Ker(52) ^ 
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In this case, 




Similarly, the direct factor r3/(A^)/r4/(A^) of Q^^G.N) can be computed by 
combining Theorems 14.51 11.51 11.91 and Remark 14.21 but the resulting description is 
considerably more complicated than the one of /C4//C5 above, so we leave it to the 
interested reader to write it out. 

In principle, one can use the key Proposition 14.31 to go on and determine 
Kn/lCn+i and r*_^/(iV)/r*/(iV) for n > 5, in terms of iterated amalgamations of 
tensor products of the augmentation quotients of N and T along certain torsion 
groups, but the results getting more and more complicated we do not attempt to 
make this explicit. When all these torsion terms vanish, however, the amalgama- 
tions degenerate to neat direct sum decompositions; this is described in the next 
section. 

3 Fox and augmentation quotients under torsion- 
freeness assumptions 

Supposing one or more among the groups 

^ab^ ^AB rpab torsiou-frec the 
groups Qn{G, H) for H = G,N,T and n < 4 were determined by Karan and 
Vermani, see the precise citations below. We here generalize their results to all 
n > 1, and improve them by expressing most of the involved groups in terms of 
enveloping algebras. All proofs are deferred to section 5. 

We formally put Tq = T and A'"(o) = A^. 
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Theorem 3.1 Let n > 2. Suppose that there exists k, < k < n — 2 , such 
that Ts/Ts+i is torsion-free for < s < k and that N(^t) / N(^t+i) is torsion-free for 
0<t<n — k — 2. Then there are natural isomorphisms 



n-1 



QniG) = Q^{N) © Q„(T) © QfiN)®Q^_,{T) 



i=l 

n-1 



Qn{G,T) = Q„.{T) © Qf{N)®Q„._,{T) 

i=l 

This imphes the resuhs in [13], [15] for n = 3 and in [H], [31] for n = 4 (which 
correspond to the case k = 1). 

Corollary 3.2 Suppose that Tg/Tg+i and N(^s)/N(^s^i-) are torsion-free for 1 < 
s < n. Then there are natural isomorphisms 

n 

Qn{G) = U,L-^(iV)©U„_,L^(T). 

i=0 
n-1 

Using the Poincare-Birkhoff-Witt theorem one deduces from 13.21 the following 
result which generalizes a theorem of Sandling and Tahara [30] on the augmen- 
tation quotients of an arbitrary group (which can be recovered here by taking 
N = {!}). Recall that by convention SP°(X) = Z. 

Corollary 3.3 If for 1 < s < n the abelian groups T^/Tg^i and N(^s^/N(_s^i^ 
are free (in particular if they are torsion-free and N and T are finitely generated) 
then 

n n 

Qn{G) = 0(g)SP^''(iV(,)/iV(,+i))©(g)SP^^(T,/T,+O, 

Xl p=l q=l 
n— 1 n 

Qn{G,T) = 0(g)SP^^(iV(p)/iV(,+i))©(g)SP^'(T,/T,+i), 

X2 p=l q=l 

where the index sets Xi and X2 are given by 



f n n 

< n and ^ rpp+'^ SgQ 

^ p=l q=l 
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2^2 = \ {ri, rn-i, si, . . . , s„) < ri, . . . , r„_i < n - 1, < Si, . . . , s„ < n , 



n n— 1 n •, 

SgQ > 1 anc? ^ Tpp + ^ SgQ = n > 



g=l p=l q=l 

As to the quotients Qn{G, N) we have the following results. 

Theorem 3.4 Suppose that Toi^ {P (T) / r+\T) , I (N) / A^-i-J {N)) = for 
1 < i < n — 2 . Then there is a natural isomorphism 

For n = 3 this reproduces the main result in ^13], [15]; for n = 4 it implies 
the main result in [H], [3l] since torsion-freeness of T"'' = I{T)/P{T) and N"^ = 
I{N)/AiI{N) imply triviality of our torsion group for i = 1,2, resp. 

Corollary 3.5 // Tg/T^^i is torsion-free for 1 < s < n then there is a natural 
isomorphism 



Qn{G,N) ^ U,L^(T) 



i=0 



An-rI{N) ■ 



Now using [9l Proposition 2.1] we get 



Corollary 3.6 Suppose that N is a free group and that Tg/Ts+i o-nd N(^s)/N(s+i) 
are torsion-free for 1 < s < n . Then there is a non-natural isomorphism 



n-1 

jab 



Qn{G,N) = U,L^(T)®U„_,_iL^(iV)®iV'' 

4 Proofs for section 2 

The starting point of our approach is the following elementary fact. 

Lemma 4.1 Let G he a group, H and K two subgroups of G such that HCiK = 
{1} , and let J be a left ideal of Z(iJ) contained in I{H). Then one has a short 
exact sequence 

I{K)I{H)J ^ I{K)J ^ I{K) ® J/I{H)J 
where s{{k - l)x) = {k - 1) ® {x + I{H)J), k e K , x e J . 
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Proof : When the symbols k resp. h run through the nontrivial elements of K 
resp. H the elements kh are distinct, and also distinct from the elements of H 
and K . Thus the map // : I{K) ® I{H) — )■ I(K)I(H) given by multiplication in 
Z(G) is an isomorphism since it sends the canonical basis {{k — 1) (/i — 1)) of 
I{K) to linearly independant elements in Z(G). Consider the following 

commutative square with j : J ^ ^{H) : 



I{K)J 



I{K) ® J 



I{K)I{H) 



I{K) (g) I{H) 



The map l®j is injective as I{K) is a free Z-module, hence /x' is an isomorphism, 
too. So we have the following commutative diagram with exact rows where /x" is 
given by restriction of /x', Ji' is induced by /x', f : I{H).J ^ J is the injection 
and q the corresponding quotient map. 

I{K)I{H)J ^ I{K)J I{K)J/I{K)I{H)J 

I{K)(^I{H)J I{K)®J ^ I{K)(^J/I{H)J ^ 

This shows that p,' is an isomorphism which implies the assertion. □ 

In the sequel, we consider an arbitrary descending filtration A : I{N) = Ai D 
A2 D • • • of I{N) by subgroups A^; later on, we shall specialize to the cases 
A = A or A = I{N)A where {I{N)A)i = I{N)Ai_i . Let 

n-l 

/c^ = 5^A_r(r). 

i=l 

Then /C^ = ICn while 

n-l 
i=l 

n-l 

= /(TV) ^A„_i_,r(T) 

i=l 

= m)K-i- (40) 



Thus computing filtration quotients /C^ / IC^+i amounts to computing the direct 
factors ICJICn+i and I{N)IC*^_J I{N)ICl of the abelian groups Qn{G), Qn{G,T), 
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and of /(iV)/"-i(G')//(iV)/"(G) instead of Q„(G',iV), see ([8]), ([9]) and ©. But 
the latter default is easily corrected by using the following device. 



Remark 4.2 By Remark 11.21 we obtain a commutatif diagram 

i{N)r-\G) (-)* r-\G)i{N) 
i{N)r{G) ~^ r{G)i{N) 

/(iv)An-i ^ /c^^^^^ ^ An-i/(iv) ^ r:_iJ(iv) 

J(iV)A„ ® ^/(JA A„/(Ar) ® rjiN) 

Our computation of the quotients /C^/ZC^^.^ below provides a functorial com- 
putation of /Cn^^''^//C^f^'*^ in terms of induced and connecting maps between 
certain tensor and torsion products, namely between quotients of the filtrations 
{P{N)A)i>o and {P{T))j>i of I{N) and /(T), in this order. But it is easily 
checked that applying the symmetry isomorphisms of the tensor and torsion prod- 
uct, as well as the conjugation isomorphisms (/(iV)A)i = (A/(iV))j, to our 
description is compatible with the conjugation isomorphism JCn^^^/JC^}^^^ = 
^n-iH-^) f^nH-^) ■ Thus taking the "mirror-symmetric" version of our descrip- 
tion of the former quotients provides a description of the latter. So it finally 
suffices to determine the quotients A„/A„+i, /"(r)//'^+^(T) , A„_iJ(A^)/A„/(A^) , 
and /C^//C^+i in order to determine I''-\G)I{K)/I''{G)I{K) for K = G,N and 
T. 

Let 1 < i < n — 1, 1 < j < n — i and i + 1 < m < oo . Putting I°°{T) = we 
have connecting homomorphisms ri = '^'-^ and r2 = = r"'*'"'''" 

obtained from the short exact sequences 

^ Aj/An-i ^0 (41) 

r+^{T)/r\T) ^ r{T)/r\T) r{T)/r+\T) ->o 

Recall that for a canonical generator {x,k,y) of Torf (Aj/A„_j , P [T) / P^'^ [T)) , 
i.e. a; G Aj, y E P{T), G Z such that kx G A„_i and % G P^^(T), one has 

Ti{x,k,y) = kx®y 
r2{x,k,y) = X ^ ky . 
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Proposition 4.3 For 1 < i < n — 1 there is an exact sequence 



A:=j+1 



k=i 

where is induced by the injection AiP+^(T) ^ AiP(T), Siixy) = x ®y for 
{x,y) G Ai X r{T), Vi is given by 

Ai r+'(T) _ Ai ®r+i(T) Air+i(T) 



A„_, /"(T) Im(A„_,®r+^(T) + Ai®/"(T)) " 

/ ^ A„_fc+i 1 [1 ) 

k=i+l 

with Vi being induced by multiplication in Z(G'), and fii is defined in a similar 
way. 

Proof : Consider the following diagram 
^ Ai P{T) \ ^ ( PiT) \ aj^ ( PjT) 



AJ'^HT) A,P{T) _^ ^ ( P{T) 



fc=j+l fc=i+l 



The top row is part of a six-term exact sequence associated with the short exact 

cx. 

sequence A„_j ^ Ai ^ Ai/A„_j, and hence is exact; note that ri is injective 
since Ai is a free Z-module. The maps /ij, Zi are given by multiplication and 
inclusion, repectively. The bottom row is induced by the exact sequence in Lemma 
14.11 for {K,H,J) = {N,T, P{T)) and hence is also exact. Moreover, the diagram 
commutes; to see this for the left-hand square use fj42|) . Now an easy diagram 
chase together with right-exactness of the tensor product shows that the sequence 

AiP+\T) 



Tor-r^ A -^f^^] 



J2 An-k+l I\T) 



k=i+l 
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AJ\T) r{T) 

k=i+l 

is exact where gj : Ai ^ Ai/A„_j is the canonical projection. Then the as- 
sertion follows by passing to the quotient modulo Im(A„_j+i ® (P(T)//*+^(T))) 
and modulo /iiIm(A„_i+i(g)(r(T)/r+i(T))) = Im(A„_i+i O P{T)) , respectively. 

I'jT) \ _ ( A„_. 



in-i + l 



Just note that Ti composed with the quotient map A„_j^ 

j equals ri by naturality of six-term exact sequences. □ 

As we will see next, Proposition 14.31 allows to successively "unscrew" the fil- 
tration quotients of /C^ . The first case, however, is plain: 

Computation of /C^ / /C^ : For n = 2 and i = 1 Proposition 14.31 provides the 
exact sequence 



- Tor-r^ ^\ 
^ ~ ^""'Aa,' P(T)) 



Ai ^ /(T) ^ Ai J2(T) (^,,0 ^ Q 



whence 



A2 /2(T) AiP{T) 



/Cg^ A2 ^ /2(T) 

" iV/iV(2) ® T/T, if A = A 
A^/A^2 ® T/T2 if A = /(A^)A ^ ' 



as 



(/(Ar)A)2 P{N) 



N/N2 . (46) 



Proof of Theorem 12. II : By ([8]) and the desired computation of Q2{G) and 
Q2{G,T) follows from Theorem O and (05]) for A = A. By ([10]), Q2iG,N) = 
AJ{N)/A2l{N) © r*/(Ar)/r*/(A^). But Ai/(A^)/A2/(A^) = \J^"'{N,N) by 
TheoremOl and r*/(A^)/r;/(A^) ^ T/T20N/N2 by Remark and (USD. □ 

Computation of ]C^/]Cf: Taking n = 3 and i = 1,2 Proposition 14.31 provides 
the following two exact sequences 



1 \ A ' T2/n~'\ I A t2 z' n~'\ A t2 / n~'\ i a 7'.'^/t^\ 



A2' P{T)J ' A3 ^ /2(T) ^ A2/2(r) + Ai/3(T) " /Cf 



^/Ai P{T)^ 



Ai ^ /2(T) ^ Ai/3(T) (^,^) Ai/2(T) 



A2 /3(T) ^ Ai/3(T) A2/2(T) + Ai/3(T) 
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Using Theorem 11.51 we thus obtain the following result which requires the con- 
necting homomorphisms 

|^SU,Lnr) Torf(A_.„,L.(T)) ^ ^ « 

for p, g = 1,2 where ff^ is induced by the short exact sequence ( |23l) . and ff'' is 
induced by sequence (IMll for g = 1 and by sequence (l39ll for q = 2, both with 
(G,^) = (T,7), compare §6^. 

Theorem 4.4 For any descending subgroup filtration A of I{N) there is a natural 
exact sequence 

Torf(Ai/A2,T"^) ^ (A2/A3) ® T"^ © (A1/A2) ® U2L^(T) ^ /C^//Cf 

where 82 = {^^l^^^l^Y md /i given by the isomorphisms 91, k = 1,2, and 
multiplication in Z (G) . □ 

Proof of Theorem 12.31 : By ([8]) and ([9]) the desired computation of QsiG) and 
QslG, T) follows from Theorem I4.4l taking A = A: it suffices to note that Theorem 
11.51 provides an isomorphism between sequence ( l23l) for p = 1 and sequence ( l24l) 
for {G,Q) = {N,J\f); this isomorphism transforms the maps f^^ in r^^, A; = 1,2, 
which were computed in ( 1371) and ( l38l) . 

Next by (dOD, QalG, A^) ^ A2/(Ar)/A3J(Ar) © r*J(Ar)/r*/(Ar). Taking A = 
I{N)A and using (jlO]) Theorem HH provides a presentation of I{N)K,l/ I{N)K,l 
which turns into the desired one of r2/(A^)/r3J(A^) by means of Remark 14.21 To 
make this explicit, first note that the mirror-symmetric version of sequence (12 3 p 
for p = 1 and A = /(A^)A is 

^ MM A ^ (47) 

A2/(A') A2/(iV) Ai/(iV) ^ ' 

Next, the mirror-symmetric versions of the maps fl^ and f^^ for A = I{N)A are 
the connecting homomorphisms r^^''^'' and Ti^^^\ resp., which form the top row 
of the commutative diagram 

A Tf AT\ AJ(JV) . AI(N) . 



]\tAB Arab -A/(JV) -A/(]V) 

T"'© , , -V, Torf(T"^A^'^^) U2L^(T) © A^"^ 

(g^ ©l)Z^Ker(c^) 



and which are induced by the sequences (H7|) . and (1241) for (G, ^) = (T, 7), resp. 
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To compute r^'^^^'' let {tT2, k, nN2) be a canonical generator of Tor^(T"^ , A^"^) 
Then 



= (1 ® (^)(tT2 , A; , n - 1 + /^(iV)) 

= (1 ® <^(4^))-'((tr2) ® a-i(A;(n - 1) + A2/(iV)) 



m) ® (^f^(4"))-^((n'= - 1) - y - 1)' + A2/(iV)) 

i=i ^ ^ 

i=l 

n - 1)2 + A2/(Ar) j by ([30]) and ([32]) 
(tTs) ® ( 5^ ((riiAr(2)) ® {n[N2) - (n^^)) ® (n,iV2 

{nN^2)) ® {nN^) + (gf ® 1)/^ Ker(c^) 



i=l 

k 



2^ 

This provides the first component of the map ^3 = (f^^'-^'', — f^'^*-^-') which is 
the mirror-symmetric version of — 62^^''^ ; the second component is obtained by a 
similar computation of f^^^^^ . □ 

Computation of / : Proposition 14.31 provides the following four exact 
sequences extracted from sequence ([43]) . taking n = A and « = 1, 2, 2, 3 resp.: 



Tnr^rAl ("lil^^a) A3 ^ _f{21 ^ , AiJ^(T) (w^) A3 J(r)+Ai /^(T) 

^O^lUa ' /2{T)^ ^ A4 P{T) ^ EL2 A5-fc/*(T) * 

(48) 

Tr^r^CAi ^--"IfX^"! A2 ^ ^ AiJ3(r) (M2^) A2 J^(T)+Ai J^(T) 

(49) 

A2J^(T)+AiJ3(r) ^ AiJ^(T) ^ Ai ^ /!(T) (50) 

EL2A5-fc/'=(T) ^ ELaAs-fc/^-m A2 ^ /3(r) 

Tnr^rAi /f(T)N V Ai ^ Ai I^(T) (^3,^ 3) ^ Ai J3(t) (51) 
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Combining sequences (H9|) and (!5T!) with Theorems 11.51 and 11.91 provides an exact 
sequence 



Torf(f^,U2L^(r)) A|®U2L^(T) 



(52) 



Theorem 4.5 For any descending subgroup filtration A of I{N) the quotient 
K,^ /K,^ is determined by the following tower of successive natural quotients where 
Ker(7rfc) = lm{^k) , k= 1,2,3. 



Ker(,52^) 



€3, 



If ®U2LT(r) 



""2 



Coker(6) 



713 



^ Coker((57) 



i/ere 6 = (0,0,1® 57)*, 6 



n21 



i21 



il2 





il2 
'2 



5^ 



ill 



'1 ''^2 



llNi 



as zn 



- r2 

Theorem \4-4l ^'^^ maj» ^3 zs defined in the proof below. To describe it ex- 
plicitly, suppose that A1/A2 and T are finitely generated with cyclic decomposi- 
tion Tor(Ai/A2) = /cii1^{xi) , G Ai, and with the remaining notations 
of Theorem \2.4\ Then an element u = kij,tj) G Tor^(^,T'^^) lies in 
Ker((5^) if and only if the conditions (i) and (ii) in Theorem \2.J\ hold, as well as 
the following condition 



(m)' VI < j < s. 



Si=l kijXi 



bj5] + 6^ with 6^ eAk, k = 2,3. 
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In this case, 



i=l 



7^2 VTl I - XI ® ' 5Z 

r 



+ 



d,j \ 2 J \ 2 



Proof : First note that 



Coker(ei) = ff®T 



ab 



A2 IHT) 



by Theorem 11.91 Now consider the following diagram where implicitly n = 4, a 
and (3 are the obvious injections, a' = a ® 1 , p, p',q are the obvious quotient 



J 4,1,1 4 

maps, and Ti = Ti , T2 = 



4,1,1,4 



4,1,2 

> n = ^1 , ^2 = 



-4,1,2,4 



{-n,T2)* 



A3 
A4 



Aa 
A3 



72 (T) 



ie«' 



A3 
A4 



/(T) 



Ai 
A3 



l®i^i 



Coker((-T{,z^i(i® 1)t^)*) 



l®/3 



{/il,'!) 



A3J(T)+AiJ2(T) 



(P.l)* 



A3 ^ /(T) ^ A2J2(T)+AiJ3(r) le/J ^ ^(T) Ai J2(T) (0^) 



3,1,1,3 
^2 



/2(T) (0^') ^ 72(r) 

7^(Ty ^ A2 7^ 



Ai ^ /2{T) 
A2 ^ T^T) 



(53) 



The upper squares commute by naturality of the connecting homomorphisms; 
for the right-hand square we have to use this argument twice, according to the 
factorization p ® p' = (1 ® p')(P ® 1): we have (p ® l)r2 = r2'"'^'^''^(p, 1)* and 
(l®p')r2 '^'^'^ = '^'^''^ . The middle squares commute by definition of the concerned 
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maps; together with exactness of sequence fHHj) this imphes that the map 1 © /3 
induced by 1 © /3 is well-defined. So the whole diagram commutes. Furthermore, 
the first and third row are exact; in fact, the top row is part of a 6-term exact 
sequence, and exactness of the third row follows from sequence (ISUI) . 

Now observe that /Cf //C^ = Im(l © (3) . But using sequence and Theo- 
rems 11.51 and 11.91 we obtain an isomorphism 

E : Coker((-r{,z/i(i © l)r^)*) ^ Coker(e2) • 



Thus in order to establish the desired tower it remains to show that S(Ker (1 © /3) ) 
= Im(^3) for a suitable map ^3 . To do this we apply the snake lemma with respect 
to the diagram whose rows are the first and third row of diagram (1531) and whose 
vertical maps are the compositions of the respective vertical maps in fl53p . Using 
sequence fHHj) we thus obtain an exact sequence 



Im((p, 1),) n Ker(r2''''''") ^ Coker((-r{ , z/i(z © l)r^ 



'^5 



where ^3 is given by the switchback rule ^3 = g(l © f3) ^{—ti, z/ir2)*(p, 1)^ ^ . But 
Ker(r2''''''') = (1, ^7).Ker (fji) and Im((p, 1),) = Ker(ri''''') = (1, ^7),Ker (fi^i) 
by the corresponding 6-term exact sequence, so we get Im((p, 1)^,) flKer (rg'^'^'^) = 
{1 , 9J) ^Ker (6^) since (1,^7)* is an isomorphism. Now define ^3 to be S^g pre- 
composed with the isomorphism Ker (5^) ^> Im((p, 1)*) fl Ker(r2'^'^''^) induced 
by (1,6'7)*. Then the asserted tower is established. 

It remains to prove the claims concerning the element 00 . One has 

^ ^ A ^ A 

n''H = E(E^^^-^^ + ^3)®(t,T2) e^^T'^' = 0^©Z/6,Z(t,T2), 

j=l i=l 3 -^-^ 3 

whence fl^iu) = iff Vj, Y^l^ihjXi + A3 G bj^, i.e., EI=i ^ij^* = ^jS] + 5^ 
with 6j G Afc . On the other hand, noting Xi = Xi + A2 and bjk = gcd{bj,bk), we 
obtain as in the proof of Lemma 11.81 



ill 



r s 

[CO) = Ex,©E(0l)-i((A:,,(t,-l) + /3(T)) 
1=1 j=i 

= Eft«E((''"r3)-(MfeT, 

1=1 j=i ^ ^ 

= E ® ( n ) ^3 - J2x-.^ (M (t,T. 

i=l ^7 = 1 ^ id ^ ^ 



2/ 



^©U2L^(r) 

^2 



(z/a,Z{xi) © (r2/r3)) © Z/aiZ{x,) © Z/bjkZ{{tjT2) © (4.T2)) 



l<i<r 
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where we use the classical direct sum decomposition U2Lt(T) = Ta/Tg © Sp2(T"'') 
for finitely generated T"'', see also Proposition 11.11] Thus f2^{u)) = iff Vi, 
n;=i^f e T^^n and V^,j, dij = gcd{ai,bj,) divides {%^) . 

But (ijj divides kij since the latter is a commun multiple of and 6j, as we 
suppose that the element {xi^kij^tj)) is defined. Thus dij divides ('^2^ if and only 
if condition (i) is satisfied. It follows that u G Ker(5|^) iff the conditions (i), (ii) 
and (iii)' are satisfied. 

To simplify the notation we henceforth identify T"-^ with I[T) / P{T) via the 
isomorphism 61. Then for uj G Ker(5|^) , 

h ^ h 



UJ = 

3 



;=1 i=l j=l i=l 



With u' = E;=i(E:=i f x,-5|+A3 ,6„t,T2). Abbreviating A = ^^-kl\T) , 
we next get 

(-ri,z/ir2)*(w') 

= E ( - ('^J + ® (t,T2) , T^^^ - - 1) + ^) 

j=l ^ i=l ■5' ^ 

= f- E<? ® . E ( E - 1)) - E *l ((''' - 1) - ('^) 

\ j=l i=l ^ j=l ^ j=l ^ ^ ^ 



(t,-l)^)+A 

(54) 



Using these and the fact that t/^ G T2 we obtain the following congruences modulo 



The remaining calculations are again based on the identities (!3T|) and ([30 

k 

I^{T), for 1 < i < r: ^ 

s 

^fc,,(t,-l) 



1)^ 



(ii) 



x(t,-i) + f^:M(t,-i)^ 
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As uf'Vi — 1 = ai{ui — 1) + {vi — 1) modulo I^{T) since Ui,Vi G T2 we obtain 

+-.(e".-i)-i:(|C"')(*?-i)fe-i) 

^ {tj - 1)^^ j mod A (55) 



The formula for ^3(0;) now follows by combining the identities flM|) and D 

Proof of Theorem 12.41 : Taking A = A the tower in Theorem 14.51 transforms 
into the one in Theorem 12.41 by use of Theorems 11.51 and II. 9[ It remains to check 
equivalence between the set of conditions (i) - (iii) and the set (i), (ii) and (iii)', 
as well as the asserted formula for ^3. First of all, we may take Xi = rii — 1 in 
Theorem 1121 Now let u = T^Lji^i^m, kij,tjT2) E Tor^{N^^ ,T''^) . Using 

and (130)) together with the fact that G A''(2) we get the following identities for 
1 < j < s, denoting aij = gcd(aj, aj) : 

«r^(EA:.,(n.-l) + A3) = (^^f)-^(i:((n^-l)-(^^^)(n,-ir + A3)) 

1=1 ^ i=i V / 

G U2L-^(A^) 

= Ar(2)/A^(3)© Z/a,,Z{{niN^2)){njN^2))) 

^<i<j<r 

Here we use the standard direct sum decomposition U2L-^(A^) = A^(2)/A^(3) © 
SP^(A^'^^), cf. fl35l) . Hence (iii)' implies (iii). Conversely, suppose that to satisfies 
conditions (i) - (iii). Then a similar calculation as in the proof of Theorem 14.51 
shows that for 1 < j < s and modulo A4 , 



dij \ 2 J \ 2 
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Thus condition (iii)' is satisfied for 



in,, - I? 



5i = 



for some 5| G A4. With these values of ^^ji^^j the formula for ^3 in Theorem 14.51 
turns into the one we wished to prove. □ 



5 Proofs for section 3 

All results quoted in section 3 are based on the following result. 

Theorem 5.1 Let A he a descending filtration of I{N) by subgroups I{N) = 
Ai D A2 D . . . such that Torf , -^S^) = for 1 < i < n - 2 . Then 

there is a natural isomorphism 



induced by multiplication in I{G) (from the right to the left). 

Proof : Let 1 < i < n — 1 and consider the following diagram where we use the 
notation of Proposition 14.31 and where fii is the factorization of {lio ■ ■ ■ oij_i)/ij 
through its image. 



Im(A„_,r(T)) ^ n ^^^^^^ 



k=l 

llO---Ol,i_l 



k=i k=i+l 
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If i = 1, skip the upper part of the diagram. Note that the Tor-term in the 
hypothesis also vanishes for i = n — 1 since then Ai/Ai = 0. Then Proposition 
14.31 and the hypothesis imply that 

fii and Li are injective and Im(yUi) fl lm{ti) = 0. (56) 

So (iio ■ ■ ■ oij_i) is injective, and consequently the map fii is an isomorphism. It 
remains to show that in AiJ(T)//C^+i , 

j 

lm{An-j-iP+\T)) n Im(A„_i/'(r)) = 

for all 1 < j < n — 2. We actually prove more, namely that for all 1 < j < n — 2, 

j 

Im(Ai/^+i(T)) n lm{A„,-il\T)) = . (57) 
1=1 

We proceed by induction on j. For j = 1, Im(Ai/^(T)) fl Im(A„_i/(T)) = 
Im(ti) n Im(/ii) = by fl56|) . Now suppose that relation fl571) is true for j = z — 1 . 
Let X e AiP+i(T) such that the coset x + K,^^^ lies in ^iLi Im(A„_J'(T)) . 

Then there are y G .^"7^ ® ttttttfT' ^ e ^iz[ Im(A„_i/'(T)) such that 

{no ■ ■ ■ OLi){x) = X + /C^^_i = (iiO ■ ■ • OLi_i){lJLiy) + z . 

Thus 

i-l 

{Lio...oLi^^){nx- ii.i){y)) e Im(Air(T))n^Im(A„_i/'(T)) 

1=1 

= 

by the induction hypothesis. Therefore, tj(x) = fii{y) by injectivity of tio • ■ ■ oLi_i , 
and whence x = by ( 15^ . Thus x + /C.^+i = (tio ■ ■ ■ oij)(x) = 0, so (IFTI) also 
holds for j = i , as was to be shown. □ 

Now we are ready to prove the results stated in section 3. Starting out from ([8]) 
and ([9]) Theorem 13. H is an immediate consequence of Theorem 15 . 1 1 whose hypothesis 
is satisfied here by Corollary 11.41 in fact, for 1 < i < k the group r{T)/r^^{T) 
is torsion-free, while for k + 1 < i < n — 2 we have n — i<n — k — 1, whence 
Ai/An^i is torsion-free. 

Corollary 13.21 then follows, again using Corollary II. 4[ 

In order to prove Theorem 13.41 first use flTU]) to reduce to the computation 
of T*„^J{N)/T*J{N). Now the conjugation isomorphism I (N) / A^-i-J (N) ^ 
I{N)/I{N)An-i-i (see Remark ll.2p shows that Theorem 15.11 applies for A = 
I{N)A; it provides the desired decomposition of r*_^/(A^)/r* J(A^) by means of 
the mirror symmetry device in Remark 14.21 

Finally, Corollary 13.51 then follows, once again using Corollary 11.41 □ 
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